Abstract. Weinberger in 1973 has shown that under the Generalized Riemann Hypothesis for Dedekind zeta functions, an algebraic number field with infinite unit group is Euclidean if and only if it is a principal ideal domain. Using a method recently introduced by us, we give two examples of cubic fields which are Euclidean but not norm-Euclidean.
Let R be the ring of integers of an algebraic number field K. A Euclidean algorithm on R is a map φ : R → N such that φ(r) = 0 for r = 0, and for all a, b ∈ R, b = 0, there exist q, r ∈ R with a = qb + r and φ(r) < φ (b) . If φ is completely multiplicative, that is, φ(ab) = φ(a)φ(b), then φ can be extended to a completely multiplicative function on K. The Euclidean property can be expressed as follows: for every x ∈ K there is γ ∈ R such that φ(x − γ) < 1. The problem which has been studied most often is the determination of those number fields for which the absolute value of the norm is a Euclidean algorithm. We refer to this function simply as the norm and denote it by N . We call a field norm-Euclidean when the norm is a Euclidean algorithm for the field.
Weinberger [9] showed that, under the assumption of the Generalized Riemann Hypothesis for Dedekind zeta functions, if there are infinitely many units in R, then R is a Euclidean domain if and only if it is a principal ideal domain. The assumption of the Generalized Riemann Hypothesis was removed in [2] and [4] for totally real Galois extensions K of Q with degree greater than or equal to 3, with the requirement to find sufficiently many nonassociate prime elements π 1 , . . . , π n of R such that the unit group of the ring of integers maps onto (R/(π 1 π 2 · · · π n )
2 ) * via the reduction map. In [3] , the ring of integers of Q( √ 69) was shown to be Euclidean but not norm-Euclidean. This paper may be viewed as an extension of the ideas in [3] to cubic fields. We will show that the cubic fields with discriminants −327 and 1929 are Euclidean but not norm-Euclidean. Taylor [8] and Smith [7] , respectively, showed that these fields are not norm-Euclidean.
We outline the method for defining our Euclidean algorithm. First, we determine the set B of elements modulo which there exists a coprime residue class which does not contain elements of smaller norm. Equivalently, we determine the elements x of K such that min γ∈R N (x − γ) ≥ 1. Now we try to define a new completely multiplicative Euclidean algorithm on the ring of integers by setting it equal to the norm for primes not dividing elements of B and increasing the value at primes which do divide the elements of B.
We consider the field of discriminant 1929 which is generated by a root α of the polynomial x 3 − x 2 − 10x + 13. The integral basis is the power basis, so the ring of integers is Z[α]. The elements ε 1 = −3 + α and ε 2 = 5 − 5α + α 2 are a pair of fundamental units of the field. Assuming the lemma, we can carry out the details of the outline mentioned above. The element −4 + α has norm 21 and is divisible by 9 − α 2 of norm 7. The residue class 6 − 3α + α 2 modulo −4 + α contains the element 6 − 7α + 2α 2 of norm 21 but contains no element of smaller norm. This shows that K is not normEuclidean. Define a completely multiplicative function φ on the prime elements π
Lemma 1 implies that every coprime residue class modulo any element of Z[α] contains an element with smaller φ-value than the φ-value of the modulus. In particular, φ(−4 + α) = 24 and φ(6 − 7α + 2α 2 ) = 21. In addition, φ(0) = 0 and φ(u) = 1 for u a unit. Hence, because φ is completely multiplicative, φ is a Euclidean algorithm.
Note that any integer greater than 7 could be used in place of 8 in the definition of φ. One of the referees states that Lenstra [6, p. 28] suggested this sort of function as a possible Euclidean algorithm in number fields.
Proof of Lemma 1. We consider R as a lattice in R 3 under the embedding which sends x + yα + zα 2 to (x, y, z). This lattice has a fundamental domain consisting of (x 1 , x 2 , x 3 ) with −1/2 < x i ≤ 1/2. We call a point x = a/b, with a, b ∈ Z[α], in the fundamental domain of the lattice of integers of the field "bad" if there exists no γ ∈ Z[α] such that N (x − γ) < 1 and 9 − α 2 does not divide a − bγ. We verified by computer that the fundamental domain of the lattice of integers of the field can be cut into small cubes for which there are two integer translates of the small cubes such that the norm is less than one inside both of the translates of the cube and such that 9 − α 2 does not divide the difference of the integers by which the cubes are translated (with the exceptions noted below). If x is not one of the exceptional points and γ 1 and γ 2 are the two integer translates, then at least one of a − bγ 1 and a − bγ 2 is not divisible by 9 − α 2 . To make the verification, upper and lower bounds for the norm are computed in each small cube and its translates. The bounds can be given more generally for a ternary form T (x, y, z) = ν a ν x ν1 y ν2 z ν3 , with multi-index ν = (ν 1 , ν 2 , ν 3 ), by bounding each term separately in the sum defining T (x, y, z).
These bounds are very poor for large values of x, y, z. Another way to give bounds on T (x, y, z) is to check that the first partial derivatives of T are not equal to zero within the small cube. The method of the previous paragraph can be used for this verification. The upper and lower bounds of T then occur at vertices of the cube.
In the computer program, the fundamental domain was cut into cubes of sidelength 1/20. The bounds for the norm were checked for translates of the cube by (n 1 , n 2 , n 3 ) ∈ Z 3 with −2 ≤ n i ≤ 2. If the norm could not be bounded less than 0.999 in two of the integer translates, the cube was cut into smaller cubes of sidelength 1/200. The bounds for the norm were then checked for translates of the cube with −20 ≤ n i ≤ 20. The division of the cube stopped at sidelength 5 × 10 To determine the bad points in R 2 , we use a method similar to the one in Barnes and Swinnerton-Dyer [1] . As observed above, there is at least one bad point, (−6 + 3α − α 2 )/(−4 + α) in this region. Embed the field into the real numbers by sending α to the root which is approximately 1.36922. Under this embedding the points x + yα + zα 2 in R 2 satisfy the inequality
If the elements of R 2 are multiplied by the unit ε 1 , then one can check that the only integer translate of the five regions found above which intersects the image ε 1 R 2 is the translate of R 2 by −6 + 3α − α 2 . Suppose that the best bounds on the set B of bad points in R 2 under the embedding into the real numbers are
The image of B under multiplication by ε 1 (which is negative under the embedding) must satisfy the translate of this inequality, so
This yields
since ε 1 + 1 is also negative under the embedding. Thus,
In the same way one can show that the only possible bad point in R 3 is
Since λ − α = (−4 + 2α + α 2 )/(1 − α) has norm less than one and −4 + 2α + α 2 is not divisible by 9 − α 2 , this point is not bad. One can also show that the only bad point in R 1 is 0.
Thus, each coprime residue class, except those mentioned in the lemma, contains an integer translate not divisible by 9 − α 2 with norm less than the modulus, which proves the lemma.
Another example. Now we consider the cubic field K with discriminant −327. This field is generated by a root β of the polynomial x 3 + x 2 − 2x + 3 and has fundamental unit ε = 1 − 2β − β 2 which is positive under the only embedding of the field into the real numbers. The ring of integers is Z[β]. Note that ε 2 − 1 has norm 99 and ε + 1 has norm 11. The proof of this lemma is omitted since it is similar to that given for Lemma 1. The proof that this field is Euclidean now follows the proof given above for the field with discriminant 1929.
Using the methods of this paper, Lemmermeyer [5] has shown that the complex cubic fields with discriminants -199 and -351 are Euclidean. Independently, Lemmermeyer [5] has determined all of the real cubic normEuclidean fields with discriminant less than 4692 and has found several other examples with larger discriminants.
